The fragmentation functions D a→H (x, µ 2 ) of a heavy hadron H, with mass m H , satisfy the phase-space constraint D a→H (x, µ 2 ) = 0 for x < m 2 H /µ 2 , which is violated by the naive µ 2 evolution equations. Using appropriately generalized µ 2 evolution equations, we reconsider the inclusive hadroproduction of prompt J/ψ mesons with high transverse momenta in the framework of the factorization formalism of nonrelativistic quantum chromodynamics, and determine the resulting shifts in the values of the leading colour-octet matrix elements, which are fitted to data from the Fermilab Tevatron.
In the framework of the QCD-improved parton model, the inclusive production of single hadrons is described by using fragmentation functions, D a→h (x, µ 2 ). The value of D a→h (x, µ 2 ) corresponds to the probability for a parton a which comes out of the hard-scattering process to form a jet which contains a hadron h carrying the longitudinalmomentum fraction x = (p , where p a and p h are the four-momenta of a and h in the infinite-momentum frame. Here, µ is the fragmentation scale, which is typically chosen to be of the order of the centre-of-mass energy √ s (transverse momentum p T of h) in lepton-lepton (lepton-hadron and hadron-hadron) collisions. At next-to-leading order (NLO), µ is identified with the mass scale at which the collinear singularities associated with the outgoing parton a are factorized. In the case of a light hadron, with mass m h ≪ µ, the µ 2 dependence of D a→h (x, µ 2 ) is determined by the timelike Altarelli-Parisi evolution equations,
where
a→b (x, µ 2 ) are the timelike a → b splitting functions. Ready-to-use expressions for P (T ) a→b (x, µ 2 ) through NLO are collected in the Appendix of Ref. [1] .
1
In Eq.
(1), x may, in principle, be arbitrarily low for any value of µ. In the case of a heavy hadron H, with mass m H ∼ < µ, this conflicts with the fact that the fragmentation process is only allowed by kinematics if the virtuality p 
where 2 ) = 0 for x < m 2 H /µ 2 . In order to properly implement this condition, Eq. (1) must be generalized. Such a generalization was proposed in Refs. [2, 3] for the µ 2 evolution of D g→H (x, µ 2 ) generated by the g → g splitting. It is straightforward to extend this formalism to also include the fragmentation of the other partons and the nondiagonal evolution effects. This leads us to the ansatz
where G a→b (y, q 2 ; µ 2 , ) corresponds to the probability for the parton a, with virtuality µ 2 , to emit a parton b, with longitudinal-momentum fraction y and virtuality q 2 , and d b→H (z, q 2 ) to the one for parton b to subsequently decay to a hadron H, with longitudinalmomentum fraction z relative to b. The µ 2 dependence of G a→b (y, q 2 ; µ 2 ) is determined by the evolution equation
which is similar to Eq. (1), except that the virtuality of the intermediate parton c is taken to be zµ 2 instead of µ 2 .
2 Furthermore, G a→b (y, q 2 ; µ 2 ) satisfies the boundary condition
According to the above argument, G a→b (y, q 2 ; µ 2 ) is subject to the phase-space constraint
In the perturbative calculation of the fragmentation function
2 ) acts as a source density, in the sense that
which follows from Eq. (3) by approximating G a→b (y, q 2 ; µ 2 ) with the aid of Eq. (5). In practice, the upper bound of integration in Eq. (6) is taken to be infinity because the integrand rapidly falls off with increasing q 2 [4, 5] . Differentiating Eq. (3) with respect to ln µ 2 and substituting Eqs. (4) and (5) on the right-hand side, we may eliminate G a→b (y, q 2 ; µ 2 ) and thus obtain a single set of inhomogenious integro-differential evolution equations for D a→H (x, µ 2 ), namely,
which is to be solved imposing the boundary condition D a→H (x, m 2 H ) = 0. Evidently, the solutions of Eq. (7) satisfy the condition D a→H (x, µ 2 ) = 0 for x < m 2 H /µ 2 as they should. Notice that Eq. (7) carries over to NLO as it stands. One just needs to include the NLO corrections to d a→H (x, µ 2 ) and P
(T )
a→b (y, µ 2 ) and to employ the two-loop formula for the strong coupling constant α s (µ 2 ). We now explore the phenomenological implications of the modified µ 2 evolution for the case of prompt J/ψ-meson production via fragmentation, H = J/ψ, in the framework of the factorization formalism of nonrelativistic QCD (NRQCD) [6] . At the starting scale µ 0 , the leading contributions arise from the fragmentation processes a → cc[n] L J indicates the spin S, the orbital angular momentum L, and the total angular momentum J. The corresponding fragmentation functions D a→J/ψ (x, µ 2 0 ) may be found in Refs. [4, 7] and their source densities d a→J/ψ (x, q 2 ) may be gleaned from Ref. [4] . The fragmentation functions for a = u,ū, d,d, s,s are generated via the µ 2 evolution and coincide. Furthermore, we have
, so that we only need to distinguish the three cases a = g, c, u. In Figs. 1a-c, we study the x dependences of D a→J/ψ (x, µ 2 ) at µ 2 = 300 GeV 2 for a = g, c, u, respectively, comparing the the naive (dashed lines) and modified (solid lines) µ 2 evolutions to leading order (LO). We adopt the LO color-singlet matrix element from Ref. [8] and the LO colour-octet ones from Table 1 , selecting those which refer to the naive µ 2 evolution. The µ 2 evolutions are performed iteratively in x space. The technicalities are explained for the naive and modified µ 2 evolutions in Refs. [7, 9] , respectively. As is well known [10] , the naive µ 2 evolution equations (1) break down in the low-x region due to the presence of large logarithms of 1/x on their right-hand sides. The most dramatic consequence of this deficiency is an unphysical divergence in the gluon multiplicity at low x. This directly triggers the singular low-x behaviour of D g→J/ψ (x, µ 2 ), which is exhibited by the dashed line in Fig. 1a . Via nondiagonal evolution effects, this feature also feeds into the quark fragmentation functions, as may be seen from Figs. 1b and c. By contrast, the results based on the modified µ 2 evolution are devoid of such lowx divergences. As per construction, they vanish for x < m 2 J/ψ /µ 2 = 0.032. On the other hand, they merge with the naive evaluation as x approaches unity because the impact of the phase-space constraint then fades out. Both features serve as a welcome check for our numerical analysis. Further evidence for the physical soundness of the modified µ 2 evolution comes from a recent phenomenological analysis of Z-boson decay into prompt J/ψ mesons via fragmentation [11] , where the large logarithms of the fixedorder calculation were resummed by using a Monte Carlo cascade model. Except very close to the threshold region, the results thus generated were found to nicely agree with those obtained from the modified µ 2 evolution.
At present, one of the most important applications of the J/ψ-meson fragmentation functions is to describe the inclusive hadroproduction of prompt J/ψ mesons with high transverse momenta in pp collisions at the Fermilab Tevatron, with √ s = 1.8 TeV. In fact, fits [8, 12] to the latest data on pp → J/ψ + X taken by the CDF Collaboration [13] allow one to place stringent constraints on the leading colour-octet matrix elements, O J/ψ [ 8, and intermediate values of the longitudinal-momentum fraction x. However, current determinations of the leading colour-octet matrix elements for the J/ψ meson from Tevatron data of pp → J/ψ + X are only modestly affected by this because the x values which are typically probed in this reaction are rather high. 
